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gHU+TkjTVF}
UWV(acRTg_}*kjle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Rm
fQ9RlV{TrngiTV(Uk`facRBl`facg`cV({lwirnwyacV¥acRlVat©Og
e(wH`c`cVd`°B^A¡ljl}TkjThAw?higBg_}L}_VFekx`bkgijLo¿Tjleackgij
f
¨²©RTkxe~RwH`c`ckhHjl`vacRTVxwy;V(  - ¯¿rnVd`c{|VFe¬ackiVd^!  - ±
anganRTV°VdVdUWV(j5an` −→x `ble~R7acRlwya f(−→x ) ≥ 0 ¯¿rnVd`c{;Vde¬ankHV(^ f(−→x ) < 0 ±¬§Q9RTV*`bTrcopwie(Vv}_V(¡ljTVd}B^WacRTVVF¢5lwankgHj
f(−→x ) = 0
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gHjTVi
uvjgHB5kgi|`	e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rnV(xwanVd}acgacRlk`9anrnwikjlkjTh`cVaF
Y°j<acRTV!egHjHanrnwirc^gyovgiacRTVdr"VdwircjlkjThwyhigirnkacRTU`d¨&\B«°­wyrnVlwH`bVF}£gij£anRTVA\5acrnle¬anTr~wy9zk`A
­®kjTkUWk1!FwankgHj¯/\_zf­L±{lrckjlek{TV;T @ V  Q9RTk`anVde~RTjlk¢5TV®wikU`7wyaWhHV(jTVdrnwik%!(kjTh©ªVdvrnwyacRTVdrWacRlwij
e(girnrcVFe¬an^exwi`n`bko¿^BkjTh+acRTVvacr~wykjTkjTh"`cVa9wyjl}{lrcVdiV(j5ao¿rngiU gHV(rc¡TabankjTh|Q9RlVvRB^B{|Vdrc{TxwyjlVvkx`ªe~RTg5`bVdj
`cg+wH`ang+Uw _kUk%!(VfacRTV 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Vfgio³acRTVvacr~wykjTkjTh+`cV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u acr~wykjTkjThK`bV(akx`W`cwik}acg|VkjTVFwyrn^`cV({lwirnwiTV7kmo°acRTVdrcVV_kx`ta~`WwaWVFwi`bawkjTVdwire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f©Rlke~RÀe(girnrcVFe¬ac^<e(wH`c`ckm¡|Vd`7wi°gyo*acRTVV(V(UWV(j5a~`gyo	anRTVAacr~wykjTkjTh`cVad Y°BBkgil`c^H¨&anRTkx`?edwi`cVAk`
HV(rn^7rnVd`bacrnkeackiVi¨lT_avkav©kwyg© l`ang{TrcVF`bVdj5aacRTVUwikj!o¿VFwaclrcVF`gyo&\B«¥­£|Q9RTV	jlgij_ ÂkjTVFwyrn^
`cV({|wyr~wyTV¥edwi`cV°©k³|V`bac|}_kVF}kjacRlV	jTVBav`cVde¬ankgHj³
D jacRTV¥kjTVFwyrn^W`bVd{lwyr~wylVvedwi`cVi¨HacRTV	Y*\2 ¯p`cV(V . khiTrnV - ±kx`ª}TV¡ljTVF}7B^acRTV¥Vd¢5lwyackgij −→w .−→x +
b = 0
©RlV(rnV −→w kx`*w7iVFe¬angir¥jTgirnUwyacg?acRTVWRB^B{|Vdrc{TxwyjlV"wyj|} b kx`°acRTVWTkxwi`dQ9RBl`(¨Iange(girnrcVFe¬an^e(wH`c`cko¿^acRTV*anrnwikjlkjThW`cV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{ −→w .−→xi + b ≥ ε > 0
ko
yi = +1
−→w .−→xi + b ≤ ε < 0
ko
yi = −1
©RTke~R!kx`9Vd¢5TkwyV(j5a9acg { −→w .−→xi + b ≥ 1 ko yi = +1
−→w .−→xi + b ≤ 1
ko
yi = −1
Q9RTVF`bVegHjl`tanrnwikj5a~`kUW{T^acRlwyavanRTV+Uwyrnhikj!acgUWw _kUWk%!(Vi¨I}_V(¡ljTVd}®5^anRTV"}_kx`banwyj|eV;Vat©OV(Vdj
anRTV9Vd¢5lwyackgijl` −→w .−→x +b = −1 wijl} −→w .−→x +b = +1 ¨kx`Vd¢5lwiiang 2||w||
Q9RTVOacr~wykjTkjTh°`nwyUW{TVd`U"l`ta
;VfgHjWacRTV°higBg_}`ckx}_VfgyoIanRTVfanT|V°}_V¡ljlVd}B^"acRTVfVF¢5lwankgHjl` −→w .−→x + b = −1 wijl} −→w .−→x + b = +1 u°`+Uw _kUWk1!dkjThLacRTV?Uwyrnhikj£k`+Vd¢5Tk·wiVdj5a+acgUWkjTkUWk1!dkjlh®acRlVkj5HV(r~`bVgioacRTV`c¢5lwircVUWwirb 
hHkj2¨&anRTVAgi{_ankUwi{lwyr~wyUWVanV(r~`
w
wijl}
b
wircV!hikiVdj<B^anRTV®`cgi_ackgijgyo°acRTV®e(gijBiV °lwi}_r~wanke
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q&rcgHhir~wyUWUWkjTh"qrngiTV(U¯ °qqª±©kmanRkjTVdwirOkjTVF¢H|wykmat^e(gijl`bacr~wykj5an` 6
min
(w,b)
‖−→w ‖
2
2
`cT_stVFe¬aang 6
yi(
−→w .−→xi + b) ≥ 1 , ∀i ∈ 〈1, N〉
¯ - ±
0O^Akj5acrngB}TlekjTh{;gH`ckackiV2wyhHrnwijThiV	U"Tack{TkV(r~`
{λi}i∈<1,N>
wH`c`cg_ekxwanVd}A©kacRacRTVWegHjl`bacr~wykjHa~`(¨
kafVdwi}l`OacgacRTV*o¿gHg©kjTh}_lwy²{lrcgHTVdU 6
L(−→w , b,
−→
λ ) =
||−→w ||
2
2
−
N
∑
i=1
λi.[yi(
−→w .−→xi + b) − 1]
¯/i±
Q9RlVTjTkx¢HlV7`cwH}T}_V{;gikj5agyoOacRTV wyhHrnwijThikxwyj
L
¨2©Rlke~Rk`+w!UkjTkU+TU ©kmanR£rcVF`b{;Vdea*acg
(w, b)wijl}w!UWw _kU"TU ©kacR£rnVd`c{|VFe¬a*acg
λ
¨}TVacVdrcUWkjTVd`¥anRTV7`cgi_ackgijKgyoªacRTV °q&qQ9RTV(rnVo¿gHrcVH¨³Val`
¡|rn`baUkjTkUWk1!dV*acRTV wyhir~wyjlhikxwyj7©kacR!rnVd`c{|VFe¬a9acg
(w, b)
6
∂L
∂−→w
= −→w −
N
∑
i=1
λiyi
−→xi = 0
¯1H±
∂L
∂b
= −
N
∑
i=1
λiyi = 0
¯p5±
0O^!`bll`tankman_ackjThacRTVF`bV"Vd¢5lwankgHjl`fkj5acg Lª¢|¯1H±¬¨;acRTV}_lwi2{TrngiTV(Ukx`vrnVd}_|eVd}ang7anRTVo¿gHg©kjlh
°q&q©kacR!;giTj|}e(gijl`bacr~wykj5an`9wyj|}?wWkjlVdwyr9VF¢H|wykmat^e(gijl`bacr~wykj5a 6
max
λ
W (λ) = −
1
2
N
∑
i=1
N
∑
j=1
λiλjyiyj
−→xi .
−→xj +
N
∑
i=1
λi
`bTTstVde¬aang 6 N∑
i=1
λiyi = 0 , 0 ≤ λi , ∀i ∈ 〈1, N〉
DÂo²©OVfe(wi
λ∗
acRTVv`cgi_ankgHjgio|anRTkx`{TrngiTV(U!¨H©ªVv}TVacVdrcUWkjTV9acRlVv`bgHTackgijW{lwyr~wyUWV(acV(r −→w ∗ o¿rngiU ¯p5± 6
−→w ∗ =
N
∑
i=1
λ∗i yi
−→xi
¯1¦i±
anRBl`
b∗
e(wij;V¥gH_anwikjlVd}o¿rcgHU acRTV	´	wyrnl`cR_  ´*TRTj_  Q2|eAiV(r°¯p´	´	Qf±OegHjl}_kackgijl`QT @ V ©RTkxe~R}_VdrckiVF}
o¿rngiUacRTVe(gijl`bacr~wykj5an`Okj£¯ - ± 6
λ∗i .[yi(
−→w ∗.−→xi + b
∗) − 1] = 0
DÂo
λ∗i
k`9jlgij!(Vdrcg|¨HanRTVegHrcrnVd`c{;gijl}_kjTh −→xi kVd`9V Twie¬an^gijacRTV*;giTj|}Twyrn^L¯pwyavwW}_k`banwijleV*VF¢H|wyIacgR|wyoanRTVUwyrnhikjo¿rcgHU anRTVWY*\ 2°±¬²YvacRTVdrc©kx`cVi¨
λ∗i
kx`fjBTwijl}acRlV"egHrcrnVd`c{;gijl}_kjTh −→xi kVd`fgHj!acRTVhHgBgB}`ck}_V*gioanRTV	|gHTjl}Twirc^H
P>PRQ
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vgyacVfacRlwya −→w ∗ kx`&w*kjTVFwyr&e(giU"Tkj|wackgijWgio;anRTVfHVde¬angir~` −→xi o¿gHr©RTkxe~RWacRTV 2wyhHrnwijThiV9U"Tmank{lkV(r
λ∗i
kx`WjTgyaWVd¢5lwi9acgKT¤Q9RlVd`cV?HVde¬angir~`WwyrnV?e(wiVd}      "	   "	 ¯1\B«*±"wijl}wyrnVanRTVAegH`cVd`ba
VdVdUWV(j5an`¥ang?anRTV?Y*\2+2Q9RTVWgi{_ankUwi§{lwyr~wyUWVanV(r~`
(−→w ∗, b∗,
−→
λ ∗)
}_g!jTgia+e~RlwyjThHV"ko9jTgij_  `cT{T{;girca
HVdeacgir~`9wyrnV°rnV(UWgHVd}o¿rngiUacRTV*anrnwikjTkjTh`cVad
Q9RTV}TVdekx`ckgHjo¿Tj|e¬ackgij
f
k`hHkHV(j?5^ 6
f(−→x ) = −→w ∗.−→x + b∗ =
N
∑
i=1
λ∗i yi
−→xi .
−→x + b∗
Q9RlV+exwi`n`bk¡|edwackgij!gio&wjTV(©gH_stVdea −→x rnVd¢5TkrnVd`9anRTV"e(giUW{T_a~wackgijAgioacRTV}_gya¥{Trcg_}_|e¬av;Vat©OV(Vdj
−→x
wijl}7anRTV\B«+T­®girnV(giVdrd¨iacRTV	}_VFekx`bkgijo¿Tjleackgij
f
k`}_V(¡ljTVF}egHUW{TV(acVd^7B^WanRTV\B« wyjl}?}_gBVd`
jlgyaf}_V({;V(j|}!gij?acRTV	jTgHj_ t\B«+
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
D jLacRTVW{TrnV(Bkgil`¥`cTl`cVde¬ankgHj³¨I©ªVWwi`n`cTUWV+anRlwa¥acRTVanrnwikjTkjTh`bV(a¥©9wi`°kjTVFwyrn^®`cV({lwirnwiTV+wyjl}L©ªV
`cRTg©RTg©ang7¡ljl}®acRTVWexwi`n`ckm¡lVdrv©kacRLacRTV|VF`ta*Uwyrnhikj³ D jLacRTkx`*`bll`bVFe¬ankgHj³¨I©ªV"hiV(jlV(r~wyk1!dV	acRTV
kjTVdwiredwi`cV&ang°Rlwijl}_Vªjlgij_ ÂkjTVFwyrn^*`bVd{lwyr~wylV&acr~wykjTkjlh°`cVan`d:D jl}_V(VF}²¨anRTVªkjTVdwirRB^B{;gyacRlVd`ck`k`ang5g
rnVd`bacrnkxe¬ackiV+o¿gir*rnVdwy Âko¿Vwi{T{TkedwankgHjl`*wyjl}®acRTVdrcVe(wijL;VWjTgikx`bVH¨³UWVdwH`bTrnV(UWVdjHa¥V(rnrcgHrn`°gir*gH_ackVdrn`
kjacRTV*anrnwikjlkjThW`cVad
55$& 6 ½ <_ * ) HT ¹
Q9RlV{TrcVdBkgHl`	wyjlwi^_`ck`*kx`V BacV(j|}_Vd}B^Lkj5acrngB}TlekjTh    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{ξi}i∈<1,N>
kj£gHrn}TV(r*acg
wig© `cgiUWV	exwi`n`bk¡|edwackgij?UWk`banw AiVd`9kjacRTV*anrnwikjlkjThW`cVa+¯p`cV(V . khiTrnVi±¬
Q9RTVF`bV°wyrnkwiTVF`¢5lwyj5ankmo¿^"acRTV°UWk`banw AiVd`&Uwi}_V°5^"acRlVfacr~wykjTkjThV _wiUW{TVF`(:D jl}_VdVd}²¨BQ9RTV¥`bxwieA
wirckxwyTV
ξi
egHrcrnVd`c{;gijl}_kjTh*angacRlVfacr~wykjTkjTh+HVdeacgir
xi
k`2!(Vdrcg+kmo²anRTV°HVdeacgir&k`ªgijanRTV¥higBg_}`bkx}_Vvgio
anRTVfanT;V¥}_V(¡ljTVF}B^
{−→w , b}
¨igiacRTVdrc©kx`cVfkmaOk`ªVd¢5lwiTangacRlV°}_kx`ta~wyjle(Vf;Vat©OV(V(j7acRTVvacT;V°;giljl}Twyrn^
−→w .−→x + b = ±1
wyj|}anRTV	{;gikjHa
xi

ξi(
−→w , b) =
{
0
kmo
yi.(
−→w .−→xi + b) ≥ 1
1 − yi.(
−→w .−→xi + b)
kmo
yi.(
−→w .−→xi + b) ≤ 1
Q9RTV¥`bgio aOUwirchHkj\B«¥­ wykU waOUWw _kUWk%!(kjThanRTVvUwyrnhikj©RTkV¥UWkjlkUWk%!(kjThanRTV°Vdrcrngir~`d¨y©RTkxe~R
kUW{TkVF`9acRTV*jTVd©°q&q 6
min
(w,b,ξ)
‖−→w‖
2
2
+ C
N
∑
i=1
ξi
¯pH±
`bl_stVdeaOang 6
yi(
−→w .−→xi + b) ≥ 1 − ξi , ξi ≥ 0, ∀i ∈ 〈1, N〉
¯Ây±
©RlV(rnV
C
kx`edwyVF}<anRTV 	    
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anRTVacr~wykjTkjTh?VdrcrngirF¨Iw`cUwyVdr	XacVdjl}T`¥acgkjlernVdwH`bV+acRTVWUwyrnhikjwijl}AanRTVacr~wykjTkjlh?Vdrcrngir~`(Q9Rlk`
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Optimal Separating Hyperplane 
Support Vectors
yi = −1
yj = 1
xi
 
	
= 2
‖w‖
w.x + b = 1
w.x + b = −1
. khilrcV -,6 2kjlVdwyredwi`cVi
Optimal Separating Hyperplane 
Support Vectors
yi = −1
yj = 1
xi
xl
ξl
xk
ξk
w.x + b = 1 
	 = 2
‖w‖
w.x + b = −1
. khiTrnV 6 \Bgyo afUwirchHkj!e(wH`bVH
{|wyr~wyUWVanV(rv}_V(¡ljTVF`°w7acr~wi}_V( /gi¶L|V(at©ªVdV(jLwwirchHV(rfUwirchHkjAgHjAgijTV"Rlwyjl}Lwyjl}Aw?`bUwy2jBTU"|Vdr°gio
Vdrcrngir~`ªgij?acRTV	giacRTVdrRlwyjl}³
u°`+o¿gHracRTV{TrnV(BkgHl`"{TrckUwyO{TrngiTV(U ¯1`bVdV L&¢;À¯ - ±b±¨&©OVkj5acrngB}TleV2wihir~wyjThHVU+Tack{TkVdrn`
{λi}i∈<1,N>
wyj|}
{µi}i∈<1,N>
wH`c`cg_ekxwacVF}®rnVd`c{|VFe¬ankHV(^©kacRacRlV7egij|`tanrnwikj5an`
yi(
−→w .−→xi + b) ≥
1 − ξi
wijl}
ξi ≥ 0
6
L(−→w , b,
−→
ξ ,
−→
λ ,−→µ ) =
||−→w ||
2
2
+ C
N
∑
i=1
ξi −
N
∑
i=1
λi.[yi(
−→w .−→xi + b) − 1 + ξi] −
N
∑
i=1
µi.ξi
¯$@H±
QgUWkjlkUWk%!(V§anRTV 2wihir~wyjThHkwijv©kacR	rnVd`c{|VFe¬a³ang
{−→w , b,
−→
ξ }
¨FVa2l`egHU{l_acVanRTV{lwirbankwii}_V(rnk·wyackiVF` 6
∂L
∂−→w
= −→w −
N
∑
i=1
λiyi
−→xi = 0
¯83H±
∂L
∂b
= −
N
∑
i=1
λiyi = 0
¯ - H±
∂L
∂ξi
= C − λi − µi = 0
¯ -C- ±
0O^`cTl`backacTackjThWacRTVF`bV	VF¢5lwankgHjl`Okj5acg Lª¢|f¯#@H±¨T©ªV*gH_anwikj 6
max
λ
W (λ) = −
1
2
N
∑
i=1
N
∑
j=1
λiλjyiyj
−→xi .
−→xj +
N
∑
i=1
λi
`cT_stVdeaacg 6 N∑
i=1
λiyi = 0 , 0 ≤ λi ≤ C , ∀i ∈ 〈1, N〉
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STUVU
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Rm F
Φ
. khilrcV	 6 zgHV*gioanRTV	Uwy{T{TkjTh
Φ

Q9Rlk`gi{TackUk%!dwyackgij {TrcgHTV(U kx`acRTV£`nwyUWVwH`|V(o¿girnVi¨vV TeV({TaanRlwaAjTg©	¨
λ
Rlwi`?ang;VKT{T{;V(r
;giljl}_Vd}³ Q9RBl`(¨9wo anV(rRlw·BkjTh£`bgHHVd}acRTkx`{TrngiTV(U!¨O©ªVArnVde(giVdr+anRTV®`bgHTackgij −→w ∗ o¿rngiU acRTV`nwyUWV*Vd¢5lwyackgijK¯1¦y±9wH`9|V(o¿girnV
vgyacV*anRlwaanRTV´	´	QÀe(gijl}_kackgij|`9©RTke~RAwig©Áacg7e(giUW{T_anV
b
wircV 6
λi.[yi(
−→w .−→xi + b) − 1 + ξi] = 0
µi.ξi = 0
©Rlke~RUWVdwyj|`OacRlwya 6
 "kmo
λi = 0
¨OacRlV(j
µi = C
¨
ξi = 0
wyjl}
[yi(
−→w .−→xi + b) − 1] > 0  
anRTV®iVFe¬angir
xi
kx`7gHj acRTV
hHgBgB}`ck}_V*gioanRTV*acT;Vi¨
 9ko
0 < λi < C
¨;acRTVdj
0 < µi < C
¨
ξi = 0
wijl}
[yi(
−→w .−→xi + b) − 1] = 0  
acRlV+iVFe¬angir
xi
kVF`vgHj
anRTV	;giTjl}lwyrnkVF`ªgioanRTV*acl|VH¨lwyjl}kx`w\B«+¨
 °kmo
λi = C
¨acRlV(j
µi = C
¨
ξi > 0
wijl}
[yi(
−→w .−→xi + b) − 1 + ξi] = 0   xi
kx`jTgiagijKacRlV7higBg_}
`ckx}_V+gioacRTV"acl|V!¯¿VdkmanRTV(r*©OV(e(wH`c`ck¡lVd}!kjl`ck}_V"acRlV+anT|Vwijl}Akj®acRlV"rnkhHR5a¥`ck}_V"gyoanRTV7Y*\2¨Igir
|wi}_^7exwi`n`bk¡lVF}gijacRTV*gyanRTV(r`ck}TV°gio³acRTV+Y*\2¥±¬¨_TTa9ka9k``back²wW\B« `bkjle(V°kafegij5anrckT_anVd`&acgacRTV
}TV¡ljTkackgij!gio −→w wijl}?wi`cgacgacRlV	{|g5`bkackgijgyoacRTV"Y*\ 2
555  ½ ) » /#* ) ¹ T 6 ; .
D jUWgH`bafe(wi`cVd`d¨5acRTV¥anrnwikjTkjThW`bV(ajTV(VF}T`Oacg|V`cV({|wyr~wacVF}B^wUWgirnV¥e(giUW{TkedwacVF}`cRlwy{;V¯pwWekr~eV
o¿gHrvV _wiUW{TV·±¬vQg7Rlwijl}_V"wjlgij_ ÂkjTVFwyr¥Y*\2+¨lanRTV+kjTVdwir¥\B«¥­ wyrnVhiVdjTV(r~wyk%!(Vd}B^!kj5anrcg_}_le(kjlh
wo¿Tjleackgij
Φ
acR|wa	Uwy{l`°acRlVW}lwanw?gyo&acRTVWkjT{T_a`c{lwie(V
Rm
kj5angw?RTkhiRTVdr*}TkUWV(j|`bkgijlwi2o¿VFwanTrcV
`c{lwHeV
F
©RTVdrcV¥anRTV}Twa~wWwyrnV¥kjTVdwirc^7`bVd{lwyr~wylVW¯p`cV(V . khiTrnV	i± 6
Φ : Rm −→ F
−→x 7−→ Φ(−→x )
Y[Z:PAY\
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DÂo9©ªV"¡ljl}wUwy{T{TkjTh
Φ
`cle~RacRlwya¥anRTVWjTV(©acr~wykjTkjTh`cVa
{(Φ(−→xi), yi)}i∈<1,N>
kx`*kjTVFwyrn^
`cV({|wyr~wyTVi¨ª5^¤wyjlwigHhi^©kacRacRlVA{TrcVdBkgHl`wyjlwi^_`ck`d¨anRTVY*\2 {|wyr~wyUWV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